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FIBRED COARSE EMBEDDINGS, A-T-MENABILITY AND THE 
COARSE ANALOGUE OF THE NOVIKOV CONJECTURE. 

MARTIN FINN-SELL 



Abstract. The property of admitting a fibred coarse embedding into Hilbert space was 
introduced by Chen, Wang and Yu to provide a property that is sufficient for the maximal 
analogue to the coarse Baum-Connes conjecture. In this paper we connect this property to 
the traditional coarse Baum-Connes conjecture by constructing a groupoid, similar to the 
coarse groupoid introduced by Skandalis, Tu and Yu, that has the Haagerup property if 
fO and only if the space admits a fibred coarse embedding into Hilbert space. Additionally, 

we use this result to give a characterisation of the Haagerup property for finitely generated 
residually finite discrete groups. 



« ■ 1. Introduction 

The application of coarse methods to algebraic topological problems is well known [Ro|86j 
lYuOOj . The primary method utilised for such problems is a higher index that allows us to 

£N) | calculate refined large scale information from small scale topological or analytic data. This 

process can succinctly phrased using the language of K-theory and K-homology and can 
be encoded completely into the coarse geometric version of the well-known Baum-Connes 

^r) ' conjecture, which asks whether or not a certain assembly map: 



M* : KX*{X) = lim K*{P R (X)) — ► K*(C*(X)) 
R>0 



is an isomorphism for all uniformly discrete spaces X with bounded geometry. One well 
known approach to this conjecture for a suitable metric spaces X is via the concept of a coarse 
embedding into Hilbert space. A seminal paper by Yu [YuOO] first showed the importance of 
a coarse embeddings into Hilbert space by proving that this is a sufficient condition for the 
^ , coarse Baum-Connes assembly map to be an isomorphism. 

H ■ 

In this paper we study the relationship between fibred coarse embedding into Hilbert space, 

first introduced by Chen, Wang and Yu [C WY12] . and the coarse analogue of the strong 

Novikov conjecture. Intuitively, a space admits a fibred coarse embedding into Hilbert space 

if for each scale it is acceptable to forget bounded portions of the space and embed what 

remains locally into Hilbert space in a compatable manner; this is made precise in Definition 

El This property was used in [C WY12J to prove a maximal analogue of the result of Yu 

YuOOj described above, that is a fibred coarse embedding into Hilbert space implies that the 

maximal coarse Baum-Connes assembly map is an isomorphism for any uniformly discrete 

metric space with bounded geometry. 

Another approach to these assembly problems was considered in [FSW12] . in which a conjec- 
ture known as the boundary coarse Baum-Connes conjecture was defined for uniformly discrete 
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bounded geometry spaces. This conjecture, defined via groupoids, was designed to capture 
the structure of a space at infinity. We explain the relationship between this conjecture and 
the work of [CWY12J and give a new method to prove the maximal coarse Baum-Connes 
conjecture in this instance that has additional consequences. We explore these consequences 
in Section [5j 

The strategy of this paper is to convert those assembly problems in which we are interested 
into the world of groupoids as was pioneered by [STY02J . We construct a new groupoid 
A4(X) that can be associated to any sequence of bounded subsets of X. This groupoid then 
plays an important role in characterising fibred coarse embeddability, that is we prove the 
analogue of Theorem 5.4 from [STY02] for a fibred coarse embeddings: 

Theorem 1. Let X be a uniformly discrete bounded geometry metric space and let T := {Kr} 
be a nested family of bounded subsets of X. Then there exists a groupoid A4j^(X) associated 
to the family T such that the following are equivalent: 

(1) X admits a fibred coarse embedding into Hilbert space with respect to the family T ; 

(2) Mj^(X) has the Haagerup property. 

As a natural corollary of this result we can conclude information about the boundary groupoid: 

Corollary 2. Let X be a uniformly discrete space with bounded geometry that admits a fibred 
coarse embedding into Hilbert space. Then the associated boundary groupoid G(X)\qsx has 
the Haagerup property. 

This result gives us access to the tools developed in |FSW12j concerning the boundary coarse 
Baum-Connes conjecture and in in Section [5] we provide applications of Corollary [2] to the 
coarse analogue of the strong Novikov conjecture for uniformly discrete spaces with bounded 
geometry (Theorem l28j) . as well as a question of Roe concerning ghost operators within 
Roe algebras associated to coarsely embeddable spaces (Corollary l30j) . Lastly we give a 
characterisation of the Haagerup property for finitely generated residually finite groups via 
box spaces (Theorem 1331) . 



We recap now the important details surrounding Theorem 5.4 from [STY02] and the notion 
of a fibred coarse embedding |CWY12] . 
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2. Fibred coarse embeddings and groupoids associated to coarse spaces. 

Throughout this section X will denote a metric space with a proper metric, unless otherwise 
stated. 
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2.1. Coarse and fibred coarse embeddings. We first recall the concept of a coarse em- 
bedding and motivate the definition of a fibred coarse embedding. 

Definition 3. A metric space X is said to admit a coarse embedding into Hilbert space H if 
there exist maps / : X —$■ 7i, and non-decreasing pi, P2 ■ R+ — > K such that: 

(1) for every x,y £ X, pi(d(x,y)) < \\f(x) - f(y)\\ < p 2 (d(x,y)); 

(2) for each i, we have lim,.-^ p%{r) = +oo. 

The primary application of a coarse embedding into Hilbert space is the main result of [YuOO, 
ISTY02J . 

Theorem 4. Let X be a uniformly discrete metric space with bounded geometry that admits 
a coarse embedding into Hilbert space. Then the coarse Baum-Connes conjecture holds for X, 
that is the assembly map p* is an isomorphism. □ 

Many metric spaces admit coarse embeddings; the property is a suitably flexible one as it 
is implied by many other coarse properties such as finite asymptotic dimension [HROO], or 
the weaker properties of finite decomposition complexity [G TY12J and property A [YuOO] . 
The primary application is to finitely generated discrete groups via the well known descent 
principle in coarse geometry: 

Corollary 5. Let V be a finitely generated discrete group admitting a coarse embedding into 
Hilbert space. Then the (strong) Novikov conjecture holds for V. □ 

For more information on the strong Novikov conjecture and its connections to coarse geometry 
see [FW95HSTY02] . 

It is well known that there are spaces that do not admit a coarse embedding into Hilbert space 
such as expander graphs [LublQJ- Certain types of expander graph are known to be coun- 
terexamples to the Baum-Connes conjecture |Hig99j IHEB021 IWY12al [WY12b} [QOYnQ] . but it 
is known that they do satisfy the coarse analogue of the Novikov conjecture and the maximal 
coarse Baum-Connes conjecture. The notion of a fibred coarse embedding was introduced in 
|CWY12j where the authors gave results that partially explained these phenomena. 

The following is Definition 2.1 from |CWY12| . 

Definition 6. A metric space X is said to admit a fibred coarse embedding into Hilbert space 
if there exists 

• a field of Hilbert spaces {H x } x£ x over X; 

• a section s : X — > U xe xH x (i.e s(x) G H x ); 

• two non-decreasing functions p±, pi from [0, oo) to (— oo, +oo) such that linv^oo p%{r) = 
oo for i = 1, 2. 

such that for any r > there exists a bounded subset K CZ X and a trivialisation: 

t c : {H x } xeC ^CxH 

for each C C X \ K of diameter less than r. We ask that this map tc\x = l c( x ) is an affine 
isometry from H x to H, satisfying: 
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(1) for any x,y G C, pi(d(x,y)) < \\t c {x)(s{x)) - t c (y)(s(y))\\ < p 2 (d(x,y)); 

(2) for any two subsets C\ , C 2 C X \ K of diameter less than r and nonempty intersection 
C\ (~l C*2 there exists an affine isometry tc 1 ,c 2 '■ H —> H such that tc 1 (x)tc 2 (,%) = 

tc x ,c 2 f° r an ^ £ Ci n C2 

In particular many expanders are known to satisfy this property, such as those coming from 
discrete groups with the Haagerup property or those of large girth [CWY12t IOOY09] . 

The main application of this property is Theorem 1.1 from [CWY12]: 

Theorem 7. Let X be a proper metric space admitting a fibred coarse embedding into Hilbert 
space. Then the maximal coarse Baum-Connes conjecture holds for X . □ 

We give a different proof of this in Section 15.11 

2.2. Groupoids and coarse properties. Groupoids play an integral role in the construc- 
tions we adapt from [STY02| . Below we recap the definition and basic properties of groupoids 
before giving an outline of the construction of the coarse groupoid associated to a coarse space 
X. 

Definition 8. A groupoid is a set Q equipped with the following information: 

(1) A subset Q(°' consisting of the objects of Q, denote the inclusion map by i : Q^ ' ^-> Q. 

(2) Two maps, r and s : Q — > Q(°> such that roi = soi = Id 

(3) An involution map _1 : Q — > Q such that s(g) = r(g _1 ) 

(4) A partial product £ (2) -> Q denoted (g,h) h-» gh, with g^> = {(g,h) egx Q\s{g) = 
f(h)} C^x§ being the set of composable pairs. 

Moreover we ask the following: 

• The product is associative where it is defined in the sense that for any pairs: 

(g, h), (h, k) £ g( ' we have (gh)k and g{hk) defined and equal. 

• For all g £ Q we have r(g)g = gs(g) = g. 

A groupoid Q is a topological groupoid if both Q and Q^> are topological spaces, the maps 
r, s, _1 and the composition are all continuous. A Hausdorff, locally compact topological 
groupoid Q said to be proper if (r, s) is a proper map and etale or r-discrete if the map r is 
a local homeomorphism. When Q is etale, s and the product are also local homeomorphisms, 
and G^> is an open subset of Q. 

Let A be a uniformly discrete bounded geometry (sometimes denoted uniformly locally finite) 
metric space. We want to define a groupoid with property that it captures the coarse infor- 
mation associated to A. To do this effectively we need to define the what we mean by a coarse 
structure that is associated to a metric. The details of this can be found in |Roe03| . 

Definition 9. Let A be a set and let £ be a collection of subsets of A x A. If £ has the 
following properties: 
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(1) £ is closed under finite unions; 

(2) £ is closed under taking subsets; 

(3) £ is closed under the induced product and inverse that comes from the groupoid 
product on X x X. 

(4) £ contains the diagonal 

Then we say £ is a coarse structure on X and we call the elements of £ entourages. If in 
addition £ contains all finite subsets then we say that £ is weakly connected. 

Example 10. Let X be a metric space. Then consider the collection S given by the R- 
neighbourhoods of the diagonal in X x X; that is, for every R > the set: 

A R = {(x,y)eXxX\d(x,y)<R} 

Then let £ be the coarse structure generated by S. This is called the metric coarse structure 
on X. If X is a uniformly discrete bounded geometry metric space this coarse structure is 
uniformly locally finite, proper and weakly connected. 

To build a groupoid from the metric coarse structure on X we consider extensions of the pair 
product on X x X. The most natural way to do this is by making use of the entourages 
arising from the metric by enlarging them inside the universal compactification (3{X x X). 
In order to get a suitable product on this object we utilise the following Lemma, which is 
Corollary 10.18 from |Roe03| : 

Lemma 11. Let X be a uniformly discrete bounded geometry metric space and let E be 
any entourage. Then the inclusion E — > X x X extends to an injective homeomorphism 
E — ► j3X x f3X, where E denotes the closure of E in (3(X x X). □ 

Now we can make the definition of the coarse groupoid G(X): 

Theorem 12. (' |Roe03[ Theorem 10.20]J Let X be a coarse space with uniformly locally finite, 
weakly connected coarse structure £. Define G(X) := VJe&sE. Then G(X) is a locally compact, 
a -compact, etale groupoid with the induced product, inverse and topology from (5X x j3X. □ 

As we are considering the metric coarse structure we can reduce this to considering only 
generators: 

G(X) := |J A^ 
R>0 

The following Theorem connects the coarse geometry of X to properties of G(X). 

Theorem 13. Let X be a uniformly discrete space with bounded geometry and let G(X) be 
its coarse groupoid. Then the following hold: 

(1) X has property A if and only if G(X) is amenable [STY02[ Theorem 5.3]; 

(2) X admits a coarse embedding into Hilbert space if and only ifG(X) has the Haagerup 
property (STYOU Theorem 5.4]. □ 

The latter aspect of Theorem [TBI is characterised by the groupoid G(X) admitting a proper 
negative type function to R, which Tu proved was equivalent to a proper affine action on 
Hilbert space [Tu99] . 
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3. Negative type functions on groupoids. 

The role of positive and conditionally negative type kernels within group theory is well known 
and plays an important role in studying both anayltic and representation theoretic properties 
of groups [BdlHV08 | IHK97] . These ideas were extended to groupoids by Tu [Tu99] . Let Q be 
a locally compact, Hausdorff groupoid. 

Definition 14. A continuous function F : Q —?■ R is said to be of negative type if 

(1) F\ gm = 0; 

(2) Vxeg,F(x) = F{x~ l ); 

(3) Given x\, ..., x n G Q all having the same range and o~\, ..., o~ n G R such that Y^i o~i = 
we have ^2 j>k o-ja k F(xj 1 x k ) < 0. 

The important feature of functions of this type is their connection to the Haagerup property 
for locally compact, cr-compact groupoids, in fact the following are equivalent [Tu99j: 

(1) There exists a proper negative type function on Q 

(2) There exists a continuous field of Hilbert spaces over Q(°> with a proper affine action 

otg. 

4. Main Theorem 
We dedicate this section to proving Theorem [TJ 

4.1. The new groupoid. In this section we outline the construction of the groupoid Aijr(X) 
associated with a family of bounded subsets J- of X. We then outline the construction of 
a negative type function on this groupoid provided a fibred coarse embedding into Hilbert 
space. This will prove one direction of Theorem [TJ 

Definition 15. Let T := {Kr} be a family of bounded subsets of X. Let Ar be restricted 
entourage Ar n ((X \ Kr) x {X \ Kr)). Then we denote by A4j?(X) the set U_r>o Ar, where 
Ar is the closure in (3{X x X). 

Lemma 16. A4j^(X) is a groupoid with operations induced from the pair groupoid operation 
defined where it makes sense; i.e: 

(x,y)(y,z) = (x,z) 

if there exists Si,S2,Ss > such that (x,y) € Ag 1 ,(y,z) G As 2 and (x,z) G A$ 3 . 

Proof. The fact that composition is well defined, as well as the other groupoid axioms is 
technical but clear. The fact it passes to completions relies on the fact that nets with cofinite 
overlap have the same limit. □ 

Observation / Remark 17. Let X admit a fibred coarse embedding into Hilbert space. 
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(1) Ar := Ar(X \ Kr) is an entourage with the same corona as Ar. Assume that X 
admits a fibred coarse embedding into Hilbert space with respect to T . Then for each 
R > such that and the following function is defined on Ar: 

kn{x,y) = \\t x (x)(s(x)) - t x (y)(s(y))\\ 2 

where t x : H x — >• % is the affine isometry provided by the fibred coarse embedding. 

(2) In the special case that X is a space of graphs UXi, the Ar's defined above have the 
form: A R = Ui> iR A R for some i>%R. 

(3) It is clear that G(X)\qqx is the boundary groupoid of Aip{X). 

(4) As G(X)\q0x = U_r>o ^-R \ ^-R topologically, we know that for any 7 € G(X)\gpx 
that there is a smallest R > such that 7 G Ar \ Ar. 

We now extend each kR to the boundary and show that they fit together to define a global 
function / that is well-defined on .Mj-(X). 

Proposition 18. There is a globally defined function f that is constructed from the kR. The 
function f is well defined and continuous on A4jr(X). 

Proof We have two considerations: 

(1) Extending kR to kR on the closure of Ar for each R > 0. 

(2) Each kR pieces together; for any S > R we have that ^5(7) = ^(7). 

We first prove (1). Under the assumption that X fibred coarsely embeds into Hilbert space, 
we know that each kn is a bounded function on Ar, hence extends to a continuous function 
kR on the Stone-Cech compactification of ^4#, which in this context is homeomorphic to its 
closure in (3(X x X). 

For the proof of (2) consider the sets Ar and A R := Ar n Ag. Using the compatibility 
properties of a fibred coarse embedding we can see that the function kR, and kg restricted 
to Af, agree; consider that for any (x, y) G A R there is a unique affine isometry ts such that 
tBtB s (x){x) = tB R (x). As kR is preserved by affine isometries for all R > and as ^4^ and 
Ar have the same corona, we have that kR and ks restricted to Ar \ Ar agree. Hence we can 
define, for any 7 € Mj^(X), 7(7) = &» (7), which is the natural continuous function defined 
on the union Ur > qAr. □ 

Lemma 19. The function f is proper. 

Proof. To see / is proper it is enough to prove that the preimage of an interval [0, r] is 
contained in Ar for some R > 0. This is as each interval [0, r] is a closed subset of K., the 
map / is continuous and hence / _1 ([0, r]) would be a closed subset of a compact set, hence 
would itself be compact. 

We now assume for a contradiction that the preimage of [0, r] contains elements 7 with the R 
given by Remark 1171(1) being arbitrarily large. In this proof we denote that R by R T Then 
from the definition of / and the fact that X admits a fibred coarse embedding, we can see: 



P-{RxY < /(7a) < p+{R. 



A 
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As p-(S) tends to infinity if S does, we can find an S > such that p~(S) > r. By 
assumption there exists 7 £ / _1 ([0,r]) with i? 7 as large as we like, in particular R~ > S, 
which is impossible. Whence, there exists an R > such that / _1 ([0,r]) C Ar. □ 

Lemma 20. The function f is of negative type. 

Proof This relies on the ideas of [STY021 Theorem 5.4], and it is enough to check that 
this holds for the boundary subgroupoid G(X)\gpx °f -M.j^(X), as it clearly holds for its 
compliment. Let 71, ...,7 n £ G{X)\q^x such that r(7i) = ... = r(^ n ) := uj and let a±, ...,a n € 
R with sum 0. We need to prove that: 

As there are only finitely many j{, there exists a smallest R > such that each 7^ and each 
product 7" 7i are elements of Ar. Let (xj.A,yi,A) be nets within A# that converge to 7« 
respectively. As the ranges of the 7$ are all equal, we know that y\ t —?■ uj for each i, so we 
can assume without loss of generality that y\ t i = y\ is equal in each net. Hence, for each A, 
we know that {x x ,i,yx) and (x x ,j,x x ,i) G As, and that xx,i,x\,j G B s (y\)- 

Now we compute, relative to y\. 

^2a i a j k y s x (x X: j,xx,i) = '^o'iO'j\\ty x (xx t j)(s(xx,j)) - ty x (x x ,i){s(x x ,i))\\ 2 

= ^2o- i a j (\\t yx (xx,j)(s(xx,j))\\ 2 + \\t yx ( x x,i)( s ( x \i))\\ 2 - 2 ( t yx( x x,j)( s ( x xj)), t yx( x x,i)( s ( x \i)))) 

3 i i j 

- 2 (J2 (T j t yx( x \j)( s ( x \j)),J2 (Jit y^ XX ' i ^ s ^ x> " i ^ - °- 

3 * 

This holds for each A in the net. Taking a limit in A: 



^OiOjfili l lj) = E CTjO-j limfc| A (x a j, x a, j) < 



A 
i,3 h3 



□ 



The preceding Lemmas prove the following Theorem, which is one half of Theorem [TJ 

Theorem 21. Let X be a uniformly discrete space with bounded geometry that admits a fibred 
coarse embedding into Hilbert space with respect to the family J- := {Kr}r > q. Then there is 
a proper conditionally negative type function defined on Mjr{X). □ 

We immediately get the following corollary, which is important for the applications of Section 

Corollary 22. Let X as above. Then the boundary groupoid G(X)\qqx admits a proper 
negative type function to R. □ 
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4.2. The other half of Theorem [TJ In this section we prove the converse to Theorem 12 li 
Fix T := {Kr} as a family of finite subsets of X. 

Proposition 23. If Aij?(X) has the Haagerup property, then X admits a fibred coarse em- 
bedding into Hilbert space with respect to T . 

Proof. Under the assumption of the Haagerup property, as outlined in Section El it is known 
that the groupoid Mj?(X) admits a continous, proper, isometric afhne action on a Hilbert 
bundle over Mjr(X)^ [Tn99| . Without loss, we can also assume that X C Mr(X)(°\ To 
construct a fibred coarse embedding we first construct the section: 

s(x) = X € H x 

Now we construct the trivialisation for each R > 0. Consider C, a subset of X \ Kr of 
diameter at most R by picking a basepoint xc £ C then using the isometric affine action of 
MAX): 

t c (x) = a(x c ,x) 

Now it follows that \\tc(x)(s(x)) — tc(y)(s(y))\\ = \\a(y,x)0 x \\ as the groupoid acts by affine 
isometries. Given that 7 — > \\a(j)0 r ^ || is a continous proper map and the closures of the Ar 
are compact we can deduce that property (1) from Definition [3] holds for any C. 

From here, we are left to check property (2) of Definition [3l Let C\ and C2 be sets of diameter 
at most R > and nonempty intersection, then choose a basepoints xo,x\ for C\ and C2 
respectively. We can assume without loss of generality that X{ belong to the intersection, 
whence the transform a(xi,xo) arising from the affine action of Aij^(X) proves the affine 
isometry that changes tc ± into tc 2 everywhere on the intersection. □ 

We have now completed the proof of the following analogue of Theorem 5.4 of [STY02J: 

Theorem 24. Let X be a uniformly discrete metric space of bounded geometry and let J 7 := 
{Kr} be a family of bounded subsets of X. Then the following are equivalent: 

(1) X admits a fibred coarse embedding into Hilbert space with respect to T ; 

(2) The groupoid Aij?(X) has the Haagerup property. □ 

5. Applications 

5.1. The boundary coarse Baum-Connes conjecture and the coarse Novikov con- 
jecture. Recall from [FSW12J the boundary coarse Baum-Connes conjecture. 

Conjecture (Boundary Coarse Baum-Connes Conjecture). Let X be a uniformly discrete 
bounded geometry metric space. Then the assembly map: 

Hbdry : K t r(G(X)\ d0X ,l co (X,}C)/C o (X,IC)) -+ K*((l°°(X,lC)/Co(X,lC)) x r G(X)\ d0x ) 

is an isomorphism. 

This conjecture also has a maximal form [FSW12, Section 2] and that is equivalent to the 
maximal coarse Baum-Connes conjecture at infinity from |CWY12] .if X is a uniformly discrete 
bounded geometry metric space we can see that the algebra at infinity defined in |CWY12] 
and the groupoid crossed product algebra £°°(X, /C) yi m G(X)\Qpx are isomorphic. Proceeding 
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via this conjecture we can appeal the machinery of Tu [Tu99] concerning <7-compact, locally 
compact groupoids with the Haagerup property to conclude results about the (maximal) 
coarse Baum-Connes conjecture. 

In particular, we can use this conjecture and homological algebra to conclude Theorem 

m 

Theorem 25. Let X be a uniformly discrete space with bounded geometry that fibred coarse 
embeds into Hilbert space. Then the maximal coarse Baum-Connes assembly map is an iso- 
morphism for X. 

Proof. We have a short exact sequence of groupoid C*-algebras: 

-► K -► C* max (G(X)) -> C* max (G(X)\ dl3X ) -». 0. 

This gives us the following diagram, arising from the long exact sequence in K-theory and 
suitable Baum-Connes conjectures (omitting the coefficients): 

#i(C*(GpO| a/JJ K {K) K (C*(G(X))) - K o (C*(G(X)\ g0x ) K X {K) 

K**(G(X)\ dfix ) — K*>{X xX)^ K«*(G(X)) — K**(G(X)\ dfix ) — K[ op {X x X) 

By Corollary [2] the maximal boundary assembly map is an isomorphism. The result now 
follows from the Five lemma. □ 

To understand the reduced assembly map requires a more delicate approach. 

Definition 26. Let X as above. We say that X has an infinite coarse component if there 
exists E G £ such that Pe(X) has an infinite connected component. Otherwise we say that 
X only has finite coarse components. In the metric coarse structure, this condition becomes: 
if there exists an R > such that Pr(X) has an infinite connected component. 

Lemma 27. Let X be a uniformly discrete bounded geometry metric space, i : /C ^-?> C*X be 
the inclusion of the compact operators into the Roe algebra of X and j : X x X — > G(X) . 
Then: 

(1) If X has an infinite coarse component then the map from K top (X x X) — > K top (G(X)) 
is the map. 

(2) If X has only finite coarse components then i* : K*(K,) — > K*(C*X) is injective. 

Proof. Without loss of generality we state the proof for graphs. 

Claim (1) relies on an argument involving groupoid equivariant KK-theory. We consider the 
following diagram, with notation following [ STY021IBla98| . where Pe(G(X)) is the closure of 
Pe{X) x X in the weak *-topology on the dual of C C (G(X)): 

i^Xxx(Co(cO,C (X,/C)) *KK Gm (Co(PE(G(X))),e°°(X,K% KK{C Q (P E {X))^ 

2 
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If this diagram commutes, then we can conclude the result in two steps. First, we take a limit 
through the directed set of entourages E £ £ to get: 

K to P(X x X,C (X,K)) »- K top (G(X)),r°(A,/C)f * KX«{X) 



KK(C,C) 

Secondly, having an infinite coarse component in X allows us to conclude that the map from 
KK(C, C) factors through the coarse K-homology of a ray, and hence is 0. 

We now prove the first diagram commutes. Consider the maps: 



1 
2 
3 

4 
5 



(E, 0, F) h-> (E p t°°(X, K),<f>®l,F 
(C,1,0)h.(Co(X),1,0) 

(C,1,0)^(C (Pe(G(X))),1,0) 

(E,(f>,F)^(E\ x ,(f>\ x ,F\ x ) 

(C,1,0)^(C (Pe(X),1,0) 



As KK G{X) (C (Z), B) ^ KK X xx(Co(Z),B) for any proper X x X-space Z and any X x X- 
algebra B and U is X x X homotopy equivalent to X, we can conclude that the triangle 
formed from maps 1,2 and 3 commutes. The map 4 is induced by the inclusion of {x} into 
G(X) as a subgroupoid. Applying 4 to the image of the generator (C, 1,0) of KK(C, C) 
we obtain the image of the generator under 5. Hence the second triangle commutes. This 
completes the proof of Claim (1). 

Claim (2) in the context of graphs reduces to studying sequences of finite graphs equipped 
with a coarsely disjoint box metric. In this context, this is Proposition 2.9 of [FSW12J . We 
give a proof below. 

Consider the subalgebra C*X OQ - the Roe algebra of the space of graphs with the disjoint 
union 'metric'. In this case, we get a diagram: 



©ieN M% 



©ieN Mi' 



C*X n 



Ui^Mi 



^Ui&iMi 



with the long inclusion inducing an inclusion on K-theory. Hence, the map (Bjgn ^ ~~ * C*X 00 
is injective. We now compare this with the inclusion fC — > C*X on K-theory using the 
following diagram: 



Ki{ 



C Aqq 



) — ^ ^o(0 ieN M if ^ ^(^Xoo) — ^ K ( 






) 



K x 



ex - 

K ■ 



-Ko(IC) 



K (C*X) 



u f C*x \ 



A diagram chase will now prove the desired result. 



□ 



12 MARTIN FINN-SELL 

Theorem 28. Let X be a uniformly discrete bounded geometry metric space that admits a 
fibred coarse embedding into Hilbert space. Then the coarse Baum-Connes assembly map for 
X is injective. 

Proof. For a uniformly discrete space X with bounded geometry we know that the ghost ideal 
Iq fits into the sequence: 

_> I G _> C *X -> ( Q*ffi x G{X)\ opx -> 0. 

This gives rise to the ladder in K-theory and K-homology where the rungs are the assembly 
maps defined in |FSW12| : 

- K t {C;{G{X)\ mx ) K (I G ) K (C*(G(X))) - K Q {C* r {G{X)\ dpx ) - K X {I G ) - 

fl bdr y f 1 2 Mf ^6drj/j q| 

-* 1^(G(A)| 9/3X ) -+ K^{X x!) T < P (G(A)) -^ < P (G(A)| 0/3X ) > 

Corollary [2] allows us to conclude that n bdry is an isomorphism. Now we treat cases. If X has 
an infinite coarse component then Lemmal2"TUl) implies the map K top {X x X) — > K top (G(X)) 
is the zero map. Now assume that x G K top (G(X)) maps to in K (C*(G(X)). Then it 
maps to in K top (G(X)\gg x ) as fj- bdry is an isomorphism. As the second line is exact, this 
implies it comes an element in K top (X x X). As the map labelled 1 is the zero map, x must 
beO. 

If X has only finite coarse components, then by Lemma [271 the map 2 is injective and so we 
can conclude injectivity of \x by the Five Lemma. □ 

We can also describe the obstructions to //* being an isomorphism when X admits a fibred 
coarse embedding into Hilbert space. 

Proposition 29. Let X be a uniformly discrete metric space with bounded geometry such 
that X admits a fibred coarse embedding into Hilbert space. Then the inclusion of K, into I G 
induces an isomorphism on K-theory if and only if /i* is an isomorphism. Ln addition, if X 
has only finite coarse components then every ghost projection in C*X is compact if and only 
if Ho is an isomorphism. 

Proof. We consider the diagram from the proof of Theorem [28] 

-* ^i(C r *(G(A)| 9/3X ) K (I G ) K Q (C*(G(X))) — K (C*(G(X)\ dpx ) — K^Iq) - 

ii bdr y\ J2 m| fi bdr y\ o| 

— K[ op {G{X)\ d p X ) — K^{X xl) r K P (G(X)) Kl op {G{X)\ dpx ) ; 

When X fibred coarsely embeds into Hilbert space, we know that fj, bdry is an isomorphism. 
The result then follows from the Five Lemma. 

Now assume X has only finite coarse components: it is enough to consider just sequences of 
finite graphs {Aj} and in this case we have access to a tracelike map defined in [Hig99 IWY12aj 
given as follows. 
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For any T £ C*X we have a natural decomposition T = Tq U \_\ i>i T$, where each Tj € C*Aj. 

We define a map h c * x l that sends each T to flj>i -^*- This induces a map on K-theory 
that we denote by Tr. 

Under this trace a non-compact ghost projection will be non-zero but a compact will be 0. 
If [i is an isomorphism, it follows that every ghost projection is equivalent to a compact on 
K-theory, that is K*(K) = K*{Iq)- Hence, any ghost projection in C*(X) vanishes under Tr, 
which happens if and only if the ghost projection is compact |WY12a| . □ 

A natural corollary of this concerns coarse embeddings, which partially answers a question 
initially raised by Roe [Roe03l Chapter 11]: 

Corollary 30. If X coarsely embeds into Hilbert space then K*(Iq) = K^IC). □ 

Additionally Proposition [29] implies that f or the sp aces of graphs that coarsely embed into 



Hilbert space but do not have property A AGS12[ IKhul2] it is not possible to find a ghost 



projection that is non-compact inside the Roe algebra. 

5.2. Box spaces of residually finite discrete groups. The last application of the main 
result of this paper concerns box spaces of finitely generated residually finite groups. We show 
that the box space admitting a fibred coarse embedding into Hilbert space characterises the 
Haagerup property for the group in this instance. 

Let r be a finitely generated residually finite discrete group, and let N := {Ni}i & ^ be a family 
of nested finite index subgroups with trivial intersection. Fix a generating set S for I\ Then 
we can construct a metric space OT, called the box space of V with respect to the family J\f 
by considering the space of graphs of the sequence: {Cay(jj-, S)}i. 

It is well known [Roe03, Proposition 11.26] that a coarse embedding of Dr into Hilbert space 
implies that T has the Haagerup property. Using Theorem 2.2 from [CWY12] , it is possible 
to show that if T has the Haagerup property, then any box space of T has a fibred coarse 
embedding. The following Lemma will allow us to prove the converse of Theorem 2.2 from 
|CWY12] using Corollary [2J 

Lemma 31. Let X = \DT be a box space of a finitely generated residually finite group T. 
Then the boundary d(3X admits a Y -invariant Borel probability measure. 

Proof. We work via linear functionals on C(/3X); consider the function: 

(i(f) =lim— Y^ f( x i)- 

Clearly, f/,(l/3x) = 1 and \x is linear, whence fj, is a linear functional. Let g E F, now we check 
invariance: 

v(g ° /) = I™ — — J2 f(a x i)- 

|Ai| x€X z 

After relabelling the elements x € Xi by g~ 1 x , we now see that //(/) = n(g ° /)• The result 
now follows. □ 
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It is well known that the boundary groupoid associated to a box space Dr decomposes as 
8/3DF x T, for a proof see |FSW12j . We now recall Corollary 5.12 of [BG12J : 

Proposition 32. Let T be a discrete group acting on a space X with an invariant probablity 
measure \i. Then the action is a-T-menable if and only ifT is a-T-menable. □ 

Now Lemma ED plus the above Proposition prove: 

Theorem 33. If the box space Dr admits a fibred coarse embedding into Hilbert space then 
the group V has the Haagerup property. □ 
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